Abstract-In this letter, we address the problem of estimating the amplitude probability density function (pdf) of single-channel synthetic aperture radar (SAR) images. A novel flexible method is developed to solve this problem, extending the recently proposed dictionary-based stochastic expectation maximization approach (developed for a medium-resolution SAR) to very highresolution (VHR) satellite imagery, and enhanced by introduction of a novel procedure for estimating the number of mixture components, that permits to reduce appreciably its computational complexity. The specific interest is the estimation of heterogeneous statistics, and the developed method is validated in the case of the VHR SAR imagery, acquired by the last-generation satellite SAR systems, TerraSAR-X and COSMO-SkyMed. This VHR imagery allows the appreciation of various ground materials resulting in highly mixed distributions, thus posing a difficult estimation problem that has not been addressed so far. We also conduct an experimental study of the extended dictionary of state-of-the-art SAR-specific pdf models and consider the dictionary refinements.
I. INTRODUCTION
T HE ACCURATE modeling of statistical information is a crucial problem in the context of synthetic aperture radar (SAR) image processing and its applications. Specifically, an accurate probability density function (pdf) estimate can effectively improve the performance of SAR image denoising [1] or classification [2] . The very high resolution (VHR) imagery, provided by, for example, the last-generation SAR satellite systems, such as TerraSAR-X and COSMO-SkyMed (COnstellation of small Satellites for the Mediterranean basin Observation), allows the appreciation of various ground materials resulting in highly mixed distributions. The resulting spatial heterogeneity is a critical problem in applications to image classification (the estimation of class-conditional statistics) or filtering (the estimation of local statistics, e.g., in moving-window approaches) [1] . The analysis and modeling of heterogeneous VHR SAR data pose a difficult statistical problem, which, to the best of our knowledge, has not been addressed so far.
Over the years, a number of methods have been proposed for modeling SAR amplitude pdfs. Nonparametric methods, e.g., Parzen window estimator [3] and support vector machines [4] , do not assume any specific analytical model for the unknown pdf, thus providing a higher flexibility, although usually involving a manual specification of internal architecture parameters [3] . Parametric methods postulate a given mathematical model for each pdf and formulate the pdf-estimation problem as a parameter estimation problem. Empirical pdf models, including lognormal [1] , Weibull [1] , Fisher [2] , and, recently, the generalized Gamma distribution (GΓD) [5] , have been reported to model accurately the amplitude SAR images with different heterogeneous surfaces. Several theoretical models, such as Rayleigh [1] , Nakagami [1] , generalized Gaussian Rayleigh (GGR) [6] , symmetric-α-stable generalized Rayleigh (SαSGR) [7] , K [8] (K-root for amplitudes), and G [9] , have been derived from specific physical hypotheses for SAR images with different properties. However, several parametric families turned out to be effective only for specific land-cover typologies [1] , making the choice of a single optimal SAR amplitude parametric pdf model a hard task, particularly in the case of heterogeneous imagery. To solve this problem, the dictionary-based stochastic expectation maximization (DSEM) approach was developed in [10] for a medium-resolution SAR. It addresses the problem by adopting a finite mixture model (FMM) [11] for the SAR amplitude pdf, i.e., by postulating the unknown amplitude pdf to be a linear combination of parametric components, each corresponding to a specific statistical population.
In this letter, we address the general problem of modeling the statistics of the single-channel SAR amplitude images and, specifically, the VHR SAR. Given the variety of approaches previously mentioned, we extend and enhance the DSEM technique proposed in [10] for a coarser-resolution SAR. We expect the DSEM to be an appropriate tool for this modeling problem, since it is a flexible method, intrinsically modeling the SAR statistics as resulting from mixing several populations, and it is not constrained to a specific choice of a given parametric 1545-598X/$26.00 © 2010 IEEE [6] model allowing to benefit from many of them (dictionary approach). Thus, we extend the earlier DSEM approach to the VHR satellite SAR and enhance it by a novel procedure for estimating the number of mixture components, which enables to reduce appreciably its computational complexity (as much as five times in some cases), resulting in an enhanced DSEM algorithm (EDSEM). We revise the dictionary content with respect to the VHR data by adding the Fisher pdf, which is a particular case of the Snedecor-Fisher distribution and was suggested for a heterogeneous high-resolution (HR) SAR, and the GΓD, which is a very flexible empirical model, that includes Weibull and Nakagami as particular cases, and the lognormal as an asymptotic case. The main novel contribution of this letter is the highly accurate flexible computationally fast pdf-estimation model for the single-channel SAR amplitude images and its validation with the VHR satellite SAR data. We also perform a comparative experimental study of the parametric pdf models in the dictionary (most of the state-of-the-art models), suggesting a refinement of the dictionary for this problem. The scope of the applications where the developed approach can be used includes SAR image equalization, segmentation, and supervised classification.
This letter is organized as follows. In Section II, we propose the EDSEM algorithm. Section III reports the experiments of the developed technique on the VHR satellite SAR images acquired by the TerraSAR-X and COSMO-SkyMed and, on a VHR image, acquired by the RAMSES (Radar Aeroporte Multi-spectral d'Etude des Signatures) sensor. Finally, the conclusions are drawn in Section IV.
II. METHODOLOGY
To take into account the heterogeneous scenario, when several distinct land-cover typologies are present in the same SAR image, an FMM [11] for the distribution of grey levels is assumed. An amplitude SAR image is modeled as a set I = {r 1 , . . . , r N } of independent samples drawn from a mixture pdf with K components
where p i (r) denotes the parametric pdfs and {P i } represents the mixing proportions: (1) is modeled by resorting to a finite dictionary D = {f 1 , . . . , f 8 } (see Table I ) of eight SAR-specific distinct parametric pdfs f j (r|θ j ) parameterized by θ j ∈ A j , j = 1, . . . , 8. Dealing with the VHR heterogeneous SAR, we include the Fisher model, suggested for the heterogeneous HR SAR imagery, and the GΓD, which is a highly flexible empirical model, that includes lognormal, Weibull, and Nakagami as special cases, into the considered dictionary D.
As discussed in [10] , considering the variety of estimation approaches for the FMMs, an appropriate choice for this particular estimation problem is the stochastic expectation maximization (SEM) scheme [11] . The SEM was developed as a stochastic modification of the classical expectation maximization (EM) algorithm, involving stochastic sampling on every iteration and demonstrating higher chances of avoiding the local maxima of the likelihood function [11] . The SEM is an iterative estimation procedure dealing with the problem of data incompleteness. In case of the FMMs, the complete data are represented by the set {(r i , s i ), i = 1, . . . , N}, where r i denotes the observations (SAR amplitudes) and s i represents the missing labels: Given an FMM with K components, s i ∈ {σ 1 , σ 2 , . . . , σ K } denotes to which of the K components the ith observation belongs.
Instead of adopting the maximum likelihood (ML) estimates as the classical SEM scheme [11] suggests, in the DSEM, the method of log-cumulants (MoLC) [2] for the component parameter estimation is adopted, which has been demonstrated to be a feasible and effective estimation tool for all the pdfs in D [2] , [5] , [10] . The MoLC has recently been proposed as a parametric pdf-estimation technique suitable for the distributions defined on [0, +∞) and has been widely applied in the context of the SAR-specific parametric families for amplitude and intensity data modeling. The MoLC adopts the Mellin transform [12] by analogy to the Laplace transform in a moment generating function [2] . Given a nonnegative random variable u, the second-kind characteristic function φ u of u is defined as the Mellin transform [12] M of the pdf of u, i.e.,
The derivatives κ ν = [ln φ u ] (ν) (1) are the νth-order logcumulants, where (ν) stands for the νth derivative, ν = 1, 2, . . .. In case of the transform convergence, the following MoLC equations take place [2] 
Analytically expressing κ j as functions of the unknown parameters and estimating these log-cumulants in terms of sample log-moments, one derives a system of nonlinear equations. These equations have one solution for any observed values of the log-cumulants for all the pdfs in D (see Table I ), except for, in some cases, the GGR, K-root (see [10] ), and GΓD due to a complicated parameter estimation procedure.
For the purpose of the K estimation, [10] suggested running the DSEM for all values of K from 1 to a predefined K max and then choosing the number K * that provides the highest log-likelihood estimate. In this letter, in order to avoid this computationally costly procedure, we adopt a K estimation procedure similar to the one suggested in [11] that consists of initializing the SEM with K 0 = K max and then allowing the components to be eliminated from the mixture during the iterative process once their priors P i become too small, thus decreasing K. This strategy provides fast K * estimates consistent with the DSEM estimates, allowing to reduce significantly the DSEM computation complexity, particularly for the high values of K max .
Thus, each iteration of the EDSEM goes as enumerated:
1) E-step: Compute, for each greylevel z and ith component, the posterior probability estimates corresponding to the current pdf estimates, i.e., z = 0, . . . , Z − 1
is the σ i -conditional pdf estimate on the tth step. 2) S-step: Sample the label s t (z) of each greylevel z according to the current estimated posterior probability distribution {τ
3) MoLC-step: For the ith mixture component, compute the following histogram-based estimates of the mixture proportions and the first three log-cumulants
where b = 2, 3, h(z) is the image histogram, and Q it = {z : s t (z) = σ i } is the set of grey levels assigned to the ith component. Then, solve the corresponding MoLC equations (see Table I ) for each parametric family f j (·|θ j ) (θ j ∈ A j ) in the dictionary, thus computing the resulting MoLC estimate θ 
. , M.
The sequence of estimates Θ t generated by the SEM converges to a unique stationary distribution, and the maximum likelihood estimate of the mixture parameters is asymptotically equivalent to the mathematical expectation of this stationary distribution. This behavior has been proved under suitable assumptions [11] , which do not hold strictly for all the pdfs in D. However, we recall that the SEM, compared to the classical EM or other deterministic variants for the FMM, was specifically designed to improve the exploratory properties of the EM in case of a multimodal likelihood function [11] .
III. EXPERIMENTAL RESULTS

A. Data Sets for Experiments
The EDSEM was tested on the following VHR SAR data sets:
• Single-look COSMO-SkyMed, Stripmap, approximately 2.5-m ground resolution, HH-polarized image acquired over Piemonte, Italy (Italian Space Agency (ASI), 2008). We present the experiments with two portions, CSK1 and CSK2 (see Fig. 1 ).
• Single-look image, acquired by the RAMSES airborne sensor, approximately 0.5-m resolution, acquired over Toulouse, France (Centre National d'Etudes Spatiales (CNES), 2004), hereafter denoted as RAMS (see Fig. 1 ).
• Two-look TerraSAR-X, Stripmap, approximately 6-m resolution, HH-polarized image acquired over Sanchagang, China (Infoterra, 2008). We present the experiments with two portions, TSX1 and TSX2 (see Fig. 2 ).
• Single-look TerraSAR-X, HR Spotlight, approximately 1-m resolution, VV-polarized image acquired over Barkedji, Senegal (CNES, 2007), denoted as TSXH (see Fig. 2 ). All the employed images present heterogeneous scenes and, except for CSK2 and TSXH, exhibit multimodal histograms. The size of all the test images is 500 pixels × 500 pixels.
B. PDF-Estimation Results
The obtained EDSEM pdf estimates have been assessed quantitatively by computing the Kolmogorov-Smirnov distances (KS) between the estimates and normalized image histograms. The estimates were also assessed by the Kolmogorov-Smirnov goodness-of-fit test [13] , and the corresponding p-values are reported in Table II . Here, p can be interpreted as a confidence level at which the corresponding fit hypothesis will be rejected. The following EDSEM parameters were used: the initial number of mixture components K 0 = 6 and the number of iterations T = 200. Both were set manually high enough to give a sufficient burn-in for the SEM, and their further increase did not affect the results. For comparison, for all the images, we provide the best fitting pdf (with the smallest KS), with the parameters estimated by the MoLC, among the eight models in D (see Table II ). For the considered DSEM, the EDSEM allowed the following improvements: It worked 3.85 times faster for CSK1, 2.63 for RAMS, and 5.88 for TSXH (with the same K max and T ). We stress here the consistency of the results reported by both techniques in terms of K * , KS, and p-value. Finally, we address the issue of the dictionary content. We would like to mention that, given a new model not contained in D provided with the corresponding MoLC equations and solution, the process of adding this model into the dictionary is straightforward. We study the number of times the pdfs in D were chosen in the Model-step for mixture components along the EDSEM process (see Table III ). The least frequently chosen models (in bold) were the Fisher, K-root, and SαSGR. Additional experiments with a dictionary of five models (without f 3 , f 6 , and f 8 ) reported a negligible decline in the accuracy (a KS increase of less than 0.005), suggesting a smaller significance of these models in D. The computational speedup, however, was significant due to the cumbersome numerical procedures for the K-root and SαSGR. A further refinement of D can be achieved by removing the Weibull pdf which is a particular case of the GΓD. Thus, very accurate results can be achieved with dictionary D = {f 1 , f 4 , f 5 , f 7 }: The same estimate was obtained for CSK1 in 78 s; compared to the result in Table II , f 2 was replaced by f 4 in the estimate for RAMS, which achieved KS = 0.01 and took 157 s; similarly, f 6 was replaced by f 5 in the estimate for TSXH with KS = 0.012 and 62 s. Thus, this dictionary refinement further reduces the computation time of the EDSEM by 35% on the average, only marginally affecting the accuracy (the increase in KS is always below 0.007).
IV. CONCLUSION
In this letter, we have proposed a general flexible pdfestimation method for the SAR images and specifically validated it on the heterogeneous VHR SAR data, which represent a very current and relevant case in which the heterogeneous behavior is expected. The developed model is based on the DSEM approach recently developed in [10] for a mediumresolution SAR. The extension of the proposed method to the intensity data (instead of amplitudes) is straightforward, which is done by replacing the amplitude pdfs in the dictionary with the corresponding intensity pdfs.
The contribution of this letter is twofold. First, the developed EDSEM algorithm extends DSEM to the novel type of imagery (heterogeneous VHR) and is enhanced by a novel efficient procedure for estimating the number of mixture components. It reported very accurate and computationally fast estimation results in the experiments with the VHR SAR images acquired by the modern satellite systems TerraSAR-X and COSMOSkyMed, and RAMSES airborne sensor. We stress here that the problem of modeling the statistics of the VHR satellite SAR amplitude images has not been addressed so far, and the proposed EDSEM technique looks very promising for this type of images, since it is based on a finite mixture approach and intrinsically takes into account the heterogeneity, which is an inherent VHR image property. Second, we studied the extended dictionary of the SAR-specific pdfs (including the Fisher and GΓD models) and analyzed the refinement options. This study have suggested that, at least on the considered data sets, the dictionary reduction from eight to four models affects the estimation accuracy only marginally, on the other hand permitting to reduce the computation burden of the EDSEM by 35%.
The reported results have suggested the EDSEM to be an attractive approach for various application problems, e.g., it can be efficiently used for SAR image segmentation (to discriminate the resulting mixture components) [10] and for class-conditional pdf modeling in the supervised VHR SAR classification [14] .
